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Abstract 

Singularity theorems of general relativity utilize the notion of causal geodesic incomplete- 
ness as a criterion of the presence of a spacetime singularity. The incompleteness of a causal 
curve implies the end and/or beginning of the existence of a particle, which are events. In the 
commonly accepted approach, singularities are not incorporated into spacetime. Thus space- 
time turns out to be event-incomplete. With creation from nothing, singularities are sources 
of lawlessness. A straightforward way around these conceptual problems consists in including 
metric singularities in spacetime and then matching metrics and causal geodesies at the singu- 
larities. To this end, a spacetime manifold is assumed to be unboundable, so that singularities 
may only be interior. The matching of the geodesies is achieved through weakening conditions 
for their smoothness. This approach is applied to a black-white hole and a big crunch-bang. 
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Introduction 



Spacetime singularities are inherent in general relativity, or more specifically in gravitational 
collapse and cosmology. The analysis of spacetimes with singularities is one of the most principal 
and difficult problems in general relativity. Singularity theorems of general relativity utilize the 
notion of causal geodesic incompleteness as a criterion for the presence of a singularity. (A 
comprehensive presentation and discussion is given in [1].) The incompleteness of a causal, 
i.e., timelike or null curve implies physically the end and/or beginning of the existence of a 
particle, which are undeniably events. In the commonly accepted approach, singularities are 
not incorporated into a spacetime manifold. Thus spacetime turns out to be event-incomplete, 
i.e., does not include all events. 

Furthermore, the beginning and end of the existence of a free particle means that there 
is creation from nothing and extinction into nothing. Those phenomena arc in conflict with 
conservation laws and appear physically pathological. Maybe it is possible to put up with 
extinction into nothing, arguing that nature is so structured. At least extinction follows a 
clear-cut law: Arriving at a singularity results in extinction. With creation from nothing, the 
situation is much worse. In this role, (naked) singularities are sources of lawlessness. All sorts 
of nasty things — green slime, Japanese horror movie monsters, etc. — may emerge helter-skelter 
from a singularity [1]. To get rid of that nightmare, Penrose proposed the cosmic censorship 
hypothesis. But cosmic censorship may be legislated only by a fiat, it does not follow from 
known physical laws. 

Relying on the aforesaid, we state that there exists the conceptual problem of singularities, 
which should be dealt with. We shall restrict our consideration to metric singularities and their 
related causal geodesic incompleteness. A straightforward approach consists in including the 
singularities in spacetime and making them to be interior, not exterior ones, and then matching 
metrics and causal geodesies at the singularities. To this end, a spacetime manifold is assumed 
to be unboundable, i.e., to be a manifold without boundary and not to be a manifold with 
boundary, the latter being removed. Such a manifold is realized as a closed submanifold of a 
Euclidean space. The matching of metrics is based on matching tangents to curves through 
a singularity. The matching of causal geodesies is achieved through weakening conditions for 
their smoothness. The main remaining condition is that of corner lessness. 

The next step is made by considering a product spacetime. This allows one to formulate 
the conditions of smoothness in terms of time dependence of the geodesies. In particular, the 
examination of acceleration is helpful in matching geodesies. 

The approach outlined above is applied to a black-white hole and a big crunch-bang. Syn- 
chronous coordinates are utilized. Radial geodesies are investigated. 

The main results for black-white holes are as follows. There are two types of metric sin- 
gularities: singular three-dimensional interfaces between black and white regions and singular 
threefolds within white regions. On the former surfaces particles reflect from hypersurfaces of 
constant radius, on the latter particles traverse through those. 

For a big crunch-bang there is a metric-singular three-dimensional interface between con- 
tracting and expanding regions. On this surface particles traverse through hypersurfaces of 
constant radius. 
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1 A conventional concept of a singular spacetime and 
event-incompleteness of the latter 

Our ultimate goal is to surmount causal geodesic incompleteness. The first step is to include 
singular points in a spacetime manifold. In a conventional treatment, such an inclusion is 
believed to be impossible. The main argument is that physical laws are violated at singular 
points. But if a set of the singular points is a hypersurface, the violation may be overcome 
through matching results of the laws at points of the hypersurface. On the other hand, excluding 
singular points from a spacetime manifold implies excluding corresponding events, which means 
event-incompleteness of spacetime. But spacetime is by definition the set of all events. Thus 
the inclusion of singularities in the spacetime manifold seems to be justified. 

2 An unboundable manifold and a closed submanifold 
as its realization 

Singularities not only have to be included in the spacetime manifold M, but also should not be 
locahzed on a boundary of M; for otherwise causal curves cannot be extended. The problem of 

boundary may be posed more generally. A boundary of M or a possibility of attaching one to 
M give rise to curve incompleteness. To prevent this we arrive at the notion of an unboundable 
manifold, i.e., a manifold without boundary to which no boundary can be attached: 

M — (manifold without boundary) and M ^ (manifold with boundary) — (boundary) (2.1) 

An unboundable manifold may be realized as a closed subset of an Euclidean space by the 
Whitney theorem [2]: A smooth manifold M" can be embedded as a submanifold, and closed 
subset, of i?2n+i_ 

So we posit spacetime to be an unboundable manifold. 

3 Interior singularities and matching metrics and 
geodesies 

Interior singularities 

Now that singularities may only be interior, the problem of overcoming causal geodesic incom- 
pleteness amounts not to extending a manifold and geodesies but rather to matching metrics 
and geodesies on opposite sides of a metric singularity hypersurface. 

Matching metrics 

First consider metrics. Let p G M be a point on a metric singularity hypersurface and 7(m) be 
a C°° curve through this point such that 



and 7(wsing) is not tangent to the hypersurface. Matching conditions are: for all 7 specified 




(3.1) 




(3.2) 
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and 

^.^ ^7King+^)(7(^sing + 7(Msing + 6)) ^ ^ 

Matching geodesies 

Now turn to geodesies. Geodesic equations are of the form 

^ + V':,K^KP = Q, K'^ = ^ (3.4) 
au ^ du 

We put 

du = — ds (3.5) 
m 

for a particle of a mass m 7^ 0. Then 

K^'K^ = (3.6) 

holds for both m 7^ and m = 0. 

Let x^jjjg be coordinates of p and x'^(-u) be coordinates of two causal geodesies 7('u), u < Wsmg 
or M > Msing, on opposite sides of the singular hypersurface. Matching conditions are: 

lim 7(Msing + S) = lim 7(using - S) = p (3.7) 

— ^0 o — ^0 

and 

r (^^a:^/^^^)^..ing+^ _ , , _ . ^ i. «^ 

(rf^^V*^^k~^ - i, fc - i, ^ . . . , fc^aximal (3.8) 



lim. ( 33- 1 = +00 or - CX), k = /Cmaximal (3.9) 

Msing±'5 



5^0 y du'' 

being admissible. Such a curve may be termed a (7*^ curve (extended C*^ curve). 



4 A product spacetime 

A product spacetime manifold is a typical and the most important instantiation of the notion 
of an unboundable spacetime manifold. The manifold M = is a direct product of two 
manifolds: 

M = TxS, M3p={t,s), teT, -oo<t<oo, seS (4.1) 
The one-dimensional unboundable manifold T is time, the three-dimensional manifold S, which 



should be unboundable, is a space. By ( [4.1| ) the tangent space at a point p G M is 

Mp = Tp® Sp (4.2) 

Assuming that 

Tp ± Sp (4.3) 

it follows for the metric tensor that 

9 = 9t + gs (4.4) 
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Furthermore, 

g = dt®dt-ht (4.5) 

where ht is a Riemannian metric tensor on 5* depending on t. A relevant coordinate represen- 
tation is 

ds^ = dt^ - dhl, dhl = hl^jdx'dx^ (4.6) 

{t = , , x"^ , x^) are synchronous coordinates. 

Now the problem of metric singularities amounts to that for the metric h. The problem is 

thereby greatly simplified since /i is a Riemannian metric, for which there is a fully satisfactory 
notion of the location of singularities [3]. 

In the case of the metric (|4.6| ), equation ( |3.6| ) reduces to 

(ir°)2 - hijK'K^ = (4.7) 

or 

- KiK^ = m^, uj = E = (4.8) 



5 Matching geodesies: Refinement 

Let us return to matching causal geodesies and employ the universal time t as a parameter. So 
a geodesic is given by functions x*(t). Let the geodesic pass through a singular point p. Choose 
coordinates so that p = (0, 0, 0, 0) and x^(t) = x^(t) = along the geodesic for t ^ 0. Then the 
geodesic is described by a function x(t) = x^(t). The geodesic is at least (7^, so that we have 
for t 

|x(t)|^|x(-t)| (5.1) 

which implies 

\x{t)\ ^ |x(-t)|, \x{t)\ ^ \x{-t)\ (5.2) 



Furthermore, in view of singularity 



There are two possibilities: 



lirn \x(t)\ = oo (5.3) 



(1) x{0) 7^ 0, liHi|x(t)| = oo, x{t) ^x{—t), x{t) ^ —x{—t), x{t) ^ —x{t), sgnx(t) = — sgnx(t) 



this is the case of attraction, the particle transverses the point x = 0; 



(5.4) 



(2) x{0) = 0, x{t) ^ —x{—t), x{t)^x{—t), x{t)^x{—t), sgni(t) = sgnx(t) 

(5.5) 

this is the case of repulsion, the particle reflects from the point x = 0. 
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6 A black-white hole 

Spacetime manifold 

Spacetime manifold of a spherically symmetric black- white hole is a product manifold ( [4.1| ), 
the space S being three-dimensional Euclidean space R^: 

M = Tx (6.1) 

Synchronous coordinates 

Synchronous coordinates are t and spatial coordinates for R^. In view of spherical symmetry, 
the spherical coordinates {R, 9, (p) are appropriate with i? = in the center of the star. Let 
the surface of the star correspond to R = a {a = const in synchronous coordinates). We are 
interested in the region outside the star, R> a. 

Metric 

The metric dh'^ is given as follows [4]. For R> a 

dh^ = ^^f^^l^dR^ + r\t, R){de^ + sin^ ed(f)^) (6.2) 
Tg 1 + cosr/ rg TT-r^-sinr/ 

where to{R) is an arbitrary function, f{R) is an arbitrary function meeting the condition 

- 1 < f{R) < (6.4) 
and Tg is the Schwarzschild radius. We put 

so that 

Tg l + cos?7 ?7 + sin?7 

^= r ^/DM.V2 ^ (6-6) 



f{R) 2 ' [-/(i?)]3/2 2 

Now we choose 

m) = -f (6.7) 

In view of 

R> a>rg (6.8) 

the condition ( |6.4|) holds. We obtain 

^ 1 + cos T] 

r = R ^ , ^ (6.9) 

dh^ = A^^^dR^ + r\de^ + sin^ edcf") (6.10) 

1 - Tg/R 
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For what follows, it is convenient to introduce quantities 

1 + cos ?7 r] + smri 

X = ^ , C= ^ (6.11) 

so that 

x = x(o, ^ = i^' <^^R) = Rxy-^j (6.12) 

the metric being given by (|6.10|) . 

Metric discontinuity on the surface of the star 

Note that in synchronous coordinates, discontinuity of the matter density on the surface of the 
star results in a metric discontinuity as well, which is easily seen from [4,5]. 

Metric singularities 

It follows from (|6AT1) , (|6l2D that 



dx _ sinr] (^^V = 1 

di l + cos?7' \di) X 



- 1 



1 + cos ri 3 sin ii ri + sin ri 
2 21 + cosr/ 2 

There are two types of metric singularities: 

r = 



X = 0, = oo, {dRrf = oo 



dur = 

3 3 

-r] sin ?7 + - sin^ 77 + (1 + cos r]Y = 



which implies 
and 

which implies 
Let 

t > 

(for example, t = corresponds to the beginning of the collapse). Then 

e>0, r/>0 
For the singularities ( |6.16| ) we obtain 

r]={2n + l)n, n = 0, 1, 2, . . . , ^ = {n + l/2)7r = 
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and the equation for the singular hypersurfaces is of the form 

-^ = in+i/2. n = 0,1,2,... (6.23) 

For the singularities (|6.18|) we have sin < so that 

7]= {n + l)2-K - 13, 0</?<7r, n = 0,1,2,... (6.24) 

The equation for (3 is of the form 
3 

[(n + l)37r--(/? + sin/3)]sin/?-(l + cos/?)2 = 0, < /? < vr, n = 0,1,2,..., /3 = /3n+i 

(6.25) 



Corresponding values of ^ are 



^/3,n+i = (^ + l)vr - ^(/3„+i + sin/?„+i), n = 0,1,2,... (6.26) 
and the equation for the singular hypersurfaces is of the form 

e^n+i, n = 0,l,2,... (6.27) 



Matching metrics 

The only parameter that appears in the metric is the Schwarzschild radius Tg. Therefore 
matching metrics at singularities amounts to taking the same value of the star mass for all the 
regions of the spacetime. 

Black and white regions 

According to ( |6.11| ) x changes between values 1 and 0, 

X(a) = l, x(en+i/2) = 0, en = n7r, en+i/2 = (n + l/2)7r, n = 0,1,2,... (6.28) 

and x(0 decreases for ^„ < ,^ < ^n+1/2 and increases for < i < Cn+i- Thus, in view of 

(|6 . 1 2|) , the regions of black and white hole are, respectively, 

= ^, black : < C < ^n+1/2, white : in+1/2 <C < Cn+i, n = 0, 1, 2, . . . (6.29) 

The singularities ( |6.16|) correspond to passages black— > white (black- white singularities), the 
singularities ( |6.18| ) lie in white regions (white singularities). 

Geodesic equations 

We shall consider radial geodesies: 

{K') = (ir^, 0, 0), u'-m' = hnniK^y (6.30) 

where by ( |6.10| ) 
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We have 



c<j^ — 1 



cj2 h 



RR 



Equations ( p^ ) boil down to [5] 



+ ^U^y + 2T^^K'K^ = 



du 



dK^ 
du 



with 



RR — c) 1 ' '-OR — c) 1 



' ^'rr - -j^thuR 



A trivial, familiar solution is 

= 0, R = const, = = m ^ 

-there is no problem of matching for it. 



(6.32) 

(6.33) 
(6.34) 

(6.35) 
(6.36) 



Matching geodesies at a blaek-white singularity 

In the vicinity of a black- white hole singularity (|6.16|) , (|6.17| ) we make use of equation (|6.34|) . 
With (|05| ), O), and (IQlp we obtain 



dK^ _ dtdnr {Ky - dt 
du Brt K'^ du 



whence 



From ( |6.32| ) follows 



d r 
dt 



+ 2 



dtdnr 

OrT 



'dRV _ (Ky - - Tg/R 

It) {Ky (9^ 



We find from ( |6.12| ), ( |6.11| ) in the vicinity of r = 



BrT ^ — 



3. 2/3 



dtdnr 1 Cn+1/2 1 



where tg ^singularity By (S) 



so that 



(^ -'^n+1/2)^/^' dnr 3 ^ - ^n+1/2 



Thus we obtain from (|6.38 



{Ky - 



2 1 



3t-ts 
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(K°)2-m^ 



(6.37) 
(6.38) 
(6.39) 

(6.40) 

(6.41) 
(6.42) 

(6.43) 



from where 
Now ( |6.39|) gives 



'dR\ 



(6.44) 



(6.45) 



whence 



dR A{t-t,fl^ 



m2 + A^{t - t.fl^ 



( A 

m 

A 
[ W\ 



{t - tsf'\ m 7^ 



|^-^,|^/^ m = 



A\t-tsf, < /3 < 1 (6.46) 



We obtain 



d^R 



AP- 



1 



Y::^sgn(t - 1, 



(6.47) 



In fact, (|6.46|) , (|6.47| ) describe two solutions: for t < and t > tg, so that 

A = i[«s>^(*-*^)] (6.48) 

Thus 



^ ^ ^[sgn{t-t.)]^_ — l_^sgn(t - ts) (6.49) 



The quantities i? and dR/dt are continuous. In order that R{t) be maximally smooth 



lim 



{d^R/dt^^+s 



5-0 (dm/dt^) 



ts-S 



should hold, whence 



so that 



- il-il = il+il = A, il^s'^^*- 



v4sgn(t - ts) 



1 + 



^ ^i|t-t,|^sgn(t-t, 



We find 



d^R 



_ ^2/(1+0) _ 



d'^R 
^' 'd^ 

R — i?o 



Ap' 



dt^ (1 + /5)(l-/5)/(l+/3) (i? - i?,)2/(l+/3) 

This is the case of repulsion and reflection from the point Rg. The curve R(t) is C^. 

Matching geodesies at a white singularity: a general solution 

In the vicinity of a white singularity (|6.18| ) we make use of equation (|6.33| ): 



(6.50) 



(6.51) 



(6.52) 



(6.53) 



dK^ [ I dndnr ldu{rJR)_ 
du \[ dar 2 1 - rg/R_ 
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dnr 



dR 
du 







(6.54) 



whence, in view of Ort ~ 0, 



dR dnr Brt 



Consider a solution for which 



so that 



We obtain 



^«0, dRr^{dRdRr){R-Rs) 

— — + - ^~0, —{R-Rs)K^ 

dR R — it<j dR L 



from which 



K 



R 



B 



R — /2<j 



Next we make use of 



dR 



dt 



We find 



m? + 



{dRdRvf 



\ 1 - rjRs 



{R-Rs)K 



R 



m? + 



const 



Thus 



whence it follows that 



B \ B 
{R- Rs)dR^ —dt, -{R- Rsf —{t -ts) 



B{t-ts)>Q, B{t-ts) = \B{t-ts)\ = \B\\{t-ts)\, {R-Rs 



2\B\ 



UJ 



so that 



or 



R-R,p^±] 



I2\B\ 



2 B 



\t - = ±(sgnS)[sgn(i - ts)\\\ \t - 



2\B\ 



R-Rs^ {sgaB)\l^^\t - t,|^/^sgn(t - t 



UJ 



with sgnS = ±1 independently of sgn(i — tg). Thus we obtain 



R-Rs^ Bj-—\t - ts\^/hgn{t - ts) 



B UJ 
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Now we have for two solutions 



dR 
lit 



X _g[sgn(t-ts)] 



\t - ts\^/hgn{t - ts 
1 



From 
follows 

Thus we have finally 



limp/#^ = l 

5-0 {dR/dt)t^-s 

^[+1] ^ ^[-1] _ 5 



(6.67) 
(6.68) 

(6.69) 
(6.70) 



R — R<i 



2 5 



t-t,|^/2ggj^(t-t. 



cii? 1 B 



dt ^/2^ ./\B\\t-ts\^/^ 



(6.71) 



1^ 



I B sgn(t-t,) 



We find 



R — J2o 



rft2 (i? - i?,)4 

This is the case of attraction by and passage through the point R^. The curve R{t) 

Matching geodesies at a white singularity: an exceptional solution 
Now let us consider the case where 



(6.72) 



is C\ 



dar ^ 0, 

We shall be based on equations (|6.34| ), (|6.32| ): 



dt 
dR 



7^0 



dK^ ^ jdnrMdnr) ^^j,dR ^ ^ 
du 1 — Tg/R du 



dR, 



(9^r)^ 



1 - Tg/R 



From ( |6T5|) , (|6T3D follows 
We find from (|6.32| ) 



~ m 7^ 



±J2m{uj — m) 



1 - Tg/R 



\dRr\ 



(6.73) 

(6.74) 
(6.75) 
(6.76) 

(6.77) 
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and for r = const 



so that 



R 



1/2 



X 



2^ dx/di 



(dt/dR) light 



(dt/dR), 



r/rg-x, 



1/2 



(6.90) 



(6.91) 



this quantity 

= oo for r = 0, > 1 for < r < Vg, = 1 for r = r^, < 1 for r > Vg, = for r = R 

(6.92) 

A stationary star 

For completeness let us touch on the case of a stationary star. Its boundary is determined by 



r(t, R) = a = const, Ra = Raif) 



the exterior region being 



(6.93) 

(6.94) 

(6.95) 



r(t, R) > a 

We find with the help of (U) 

Va = Va{t), VaiO) = 0, Ra{0) = a, -TT < r]a{t) < TT, limt^:^^ r]a{t) = =F7r 

a < Ra{t) < oo, limt^zpoo Ra{t) = +00 

7 A big crunch-bang 



Spacetime manifold 

Spacetime manifold of the standard model of the universe is the Robertson- Walker spacetime, 
i.e., a product manifold ( [l.l] ), the three-dimensional space S being a sphere, fiat Euclidean 
space, or a hyperboloid. 



Synchronous coordinates 

Coordinates are t and "spherical" coordinates r,6,(j), where 

< r < 1 for sphere, < r < cxd for fiat space and hyperboloid 

Metric 

Metric is of the form 

ds^ = dt" - a^{t) + r^ide^ + sin 



(7.1) 



(7.2) 



k = 1 for sphere. A; = for fiat space. A; = 1 for hyperboloid 



Metric singularities 
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It suffices to consider one singular hypersurface: 

t = 0, a(0) = 

in the vicinity of which 

a{t)^b\t\'^, 0</3<l 

t < and t > corresponding to the contracting and expanding universe respectively, 
a crunch-bang singularity. 

Matching metrics 

Matching metrics amounts to taking the same values of b, (3 for t > and t < 0. 
Geodesic equations 

We use relations (|3.4|) through (|3.6| ) for geodesies and consider "radial" geodesies: 

{K') = {K\ 0, 0), {Ky = h„{K' f + 



(7.3) 

(7.4) 
This is 



where by ([7^ 
Equations (|3.4| ) boil down to [5] 



1 — kr"^ 



du 



dK^ 
du 



with 



kr 



aa 



1 — fcr^ 



A trivial solution is 



K'' = 0, r = const, a; = 7^° = m 7^ 



(7.5) 
(7.6) 

(7.7) 
(7.8) 
(7.9) 

(7.10) 



with no problem of matching. 
Matching geodesies 

In the vicinity of the crunch-bang singularity (7^), (7^) we make use of equation (|7[ 

dK"- 



du 



+ 



^/r + 2£(sg„«)/<-» 



K'' = 



From (^), (|7J) follows 



b\t\^ 



VI - kr^ 



so that we obtain from (|7.11| ) 



du t 



(7.11) 

(7.12) 
(7.13) 
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or 

-— + 2/?-^0 7.14 

whence 

1^1 r.r^^ A 



Now from ffTTSl) follows 



^ ^ (l-A;r2)|t|2/3 ^ (l-fcr2)|t|2/3' Vl - A;r2|t|/3 ^ ^ ^ 

We have 
from where 



r-ro^(sgnA)^^-^ ^___(sgnt)|t|i-^, tq = r(t = 0) (7.18) 



Now we have for two solutions 



1 — krl 



_ ^,)[sgn*] ^ (sgnA[«g-*])L__ii(sgnt)|t|i-/3 (7.19) 



From the condition 
follows 

and we may put 
Thus we have finally 



sgnA[+^] = sgnAl^^l = sgnA (7.22) 
^[+1] = ^[-1] ^ ^ (7_23) 



'1 _ /j7-2 

r - ro ^ (sgnA)-^^^— ^(sgnt)|t|^-^ 



^ - (sgnA) vizM^ (7.24) 



(fr ^ B^l-krl sgnt 
(sgnA) 



We find 



2/(1-/3) 
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This is the case of attraction by and passage through the point tq. 
The curve r{t) is C^. 
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